Recently, the BESIII Collaboration reported two new decay processes h c (1P ) → γη and can reproduce the experimental measurements with the commonly acceptable α range. This ratio provide us some information on the η − η ′ mixing, which may be helpful for us to test SU(3)-flavor symmetries in QCD.
in Ref. [16] studied the η and η ′ production in the radiative h c decay with light-cone factorization approach.
Since the h c has negative C parity, it very likely decays into a photon plus a pseudoscalar meson, such as η c , η and η ′ . Very recently, based on the 4.48 × 10 8 ψ ′ events collected with the BESIII detector operating at the BEPCII storage ring, the BESIII Collaboration firstly observed the radiative decay processes h c → γη and γη ′ with a statistical significance of 4.0σ and 8.0σ, respectively [17] . The measured branching fractions of h c → γη and γη ′ are (4.7 ± 1.5 ± 1.4) × 10 −4 and (1.52 ± 0.27 ± 0.29) × 10 −3 , respectively, where the first errors are statistical and the second are systematic uncertainties. These two decay modes may be useful for providing constraints to theoretical models in the charmonium region. The ratio between them can also be used to study the η − η ′ mixing [18] , which is important to test SU(3)-flavor symmetries in QCD.
In this work, we will investigate the radiative decays h c → γη(γη ′ ) via intermediate meson loop(IML) model in an effective Lagrangian approach(ELA). IML transition is regarded as an important nonperturbative transition mechanisms which has a long history [19] [20] [21] [22] and recently are widely used to study the production and decays of ordinary and exotic states . The paper is organized as follows: After the introduction in Sec. I, we will present calculation of the radiative decays h c → γη(γη ′ ) via the intermediate charmed meson loop and give some relevant formulas in Sec. II. In Sec. III, the numerical results are presented. A brief summary will be given in Sec. IV. Generally speaking, we should include all the possible intermediate meson exchange loops in the calculation. In reality, the breakdown of the local quark-hadron duality allows us to pick up the leading contributions as a reasonable approximation [19, 20] . The coupling between h c and
II. THE RADIATIVE DECAYS OF
is an S-wave, so we consider the intermediate charmed meson exchange loops as the leading contributions. At the hadronic level, as shown in Fig. 1 , the initial state h c dissolves into two charmed mesons which are off-shell and originated from the coupled channel effects. Then these two virtual charmed mesons turn into final photon and η(η ′ ) meson by exchanging the charmed meson.
In order to calculate the contributions from the charmed meson loops in Fig. 1 , we need the leading order effective Lagrangians for the couplings. Based on the heavy quark symmetry [54, 55] , the Lagrangian for the P-wave charmonia at leading order is
where the spin multiplets for these four P-wave charmonium states are expressed as
with v µ being the 4-velocity of the multiplets.
The charmed and anti-charmed meson triplet read
where D and D * denote the pseudoscalar and vector charmed meson fields, respectively, i.e.
. v µ is the 4-velocity of the charmed mesons. ε µναβ is the antisymmetric LeviCivita tensor and ε 0123 = +1.
Consequently, the relevant effective Lagrangian for h c reads
where the coupling constants will be determined later.
The effective Lagrangian for light pseudoscalar meson coupled to charm mesons pair can be constructed based on the heavy quark limit and chiral symmetry [54] [55] [56] 
where P is 3 × 3 matrices for the pseudoscalar octet, i.e.,
The physical states η and η ′ are the linear combinations of nn = (uū + dd)/ √ 2 and ss and they are taken to be the following form
where α P ≃ θ P + arctan √ 2. The empirical value for the pseudoscalar mixing angle θ P should be in the range −24.6 • ∼ −11.5 • [57] . In this work, we will take
respectively. The coupling constants will be determined in the next section.
In order to calculate these two radiative decay processes, the effective Langrangian containing the interaction of photon are also needed. If we implement the minimal substitution ∂ µ → ∂ µ +ieA µ for the free scalar and massive vector fields, then we can obtain the relevant Lagrangians [60, 61] ,
where 
With the above Lagrangians, we can write out the explicit transition amplitudes of
where p 1 , p 2 and p 3 are the four momenta of the initial state h c , final state photon and η(η ′ ), respectively. ε 1 and ε 2 are the polarization vector of h c and photon, respectively. q 1 , q 3 and q 2 are the four momenta of the charmed meson connecting h c and photon, the charmed meson connecting h c and η(η ′ ), and the exchanged charmed meson, respectively.
In the triangle diagram of Fig. 1 , the exchanged charmed mesons are off shell. To compensate the offshell effect and to regularize the divergence [64] [65] [66] , we introduce a monopole form factor,
where q 2 and m 2 are the momentum and mass of the exchanged charmed meson, respectively. The parameter Λ ≡ m 2 + αΛ QCD and the QCD energy scale Λ QCD = 220MeV. The determination of this dimensionless parameter α depends on specific process, which is usually of order 1. The coupling constants g hcD * D and g hcD * D * are determined as
III. NUMERICAL RESULTS
with g 1 = − m χ c0 /3/f χ c0 , where m χ c0 and f χ c0 = 510 ± 40 MeV are the mass and decay constant of χ c0 , respectively [54] .
In the heavy quark and chiral limits, the charmed meson couplings to pseudoscalar mesons have the following [56] , and D * ± s total widths are kept unknown, we adopt the following values
In Fig. 2 (a) , we plot the α dependence of the branching ratios of h c → γη (solid line) and In order to illustrate the impact of the mixing angle, in Fig. 3(a) and (b) , we present the branching ratios in terms of the η-η ′ mixing angle with α = 0.3 (solid line) and 0.5 (dashed line), respectively. In the case α = 0.3, when the mixing angle α P increase, the branching ratios of h c → γη increase while the branching ratios of h c → γη ′ decrease. This behaviour suggests how the mixing angle influences our calculated results to some extent. A similar behavior appears in the case α = 0.5.
As is well known, the η-η ′ mixing is a long-standing question in the literature. This mixing angle plays an important role in physical processes involving the η and η ′ mesons. In Ref. [17] , the BESIII Collaboration measured the branching fraction ratio R hc = [B(h c → γη)/B(h c → γη ′ )] = [30.7 ± 11.3(stat) ± 8.7(sys)]%. This ratio R hc can be used to study the η − η ′ mixing [18] , which is important to test SU(3)-flavor symmetries in QCD. In Fig. 4 , we plot the α dependence of the ratio R hc with θ P = −19.3 • (solid line) and −14.4 • (dashed line), respectively. As shown from this figure, the calculated ratio R hc can reproduce the experimental measurements at the commonly acceptable α range for θ P = −19.3 • . With θ P = −14.4 • , the calculated ratio R hc is slightly larger than the experimental value. Furthermore, this ratio is less sensitive to the cutoff parameter α, which is because the involved loop are same. When we take the ratio, the coupling vertices are cancelled out, so the ratio reflects the open threshold effects through the intermediate charmed meson loops and the mixing angle between η and η ′ to some extent. In Fig. 5 , we plot the η-η ′ mixing angle dependence of the ratios R hc at α = 0.3 (solid line ) and 1.0 (dashed line), respectively. This ratio changes very small when increasing the cutoff parameter α, as a result, it can be used to probe the η − η ′ mixing. In our study, at α = 0.3, our results are consistent with the experimental measurements in the range α P = (36.7 The η-η ′ mixing angle can neither be calculated from the first principles in QCD nor measured from experiments directly. There are a lot of studies on this subject using different methods [69] [70] [71] [72] [73] and different processes, including various decay processes involving the light pseudoscalar mesons.
For example, in Ref. [59] , the KLOE collaboration updated the η-η ′ mixing angle value by fitting their measurement R φ = BR(φ → γη)/BR(φ → γη ′ ) together with several other decay channels.
From the fit they extract the η-η ′ mixing angle θ P = (−14.4 ± 0.6) • . In Ref. [74] , authors studied the η-η ′ mixing up to next-to-next-to-leading-order in U(3) chiral perturbation theory in the light of recent lattice simulations and phenomenological inputs. Within the framework of the effective Lagrangian approach, authors perform a thorough analysis of the J/ψ → V P , J/ψ → γP together with a few other processes to investigate this mixing problem [75] . In the future, more decay processes involving the light pseudoscalar mesons and more precise experimental measurements may will provide a unique method to study the η-η ′ mixing effects deeply.
IV. SUMMARY
In this work, we investigate the radiative decay processes h c → γη and γη ′ via intermediate meson loop model in an effective Lagrangian approach. Our results show that the obtained branching ratios are not drastically sensitive to the cutoff parameter α to some extent. The calculated branching ratios of h c → γη are typically at the order of 10 −4 ∼ 10 −3 , while for h c → γη ′ , the branching ratios are of order of 10 −3 ∼ 10 −2 in the same cutoff range. The study of these two decay channels, especially their ratio R hc can provide us some information on the η-η ′ mixing, which may be helpful for us to test SU(3)-flavor symmetries in QCD. The BESIII detector will collect 3 × 10 9 ψ ′ events [76] , which will provide a unique method to study the η-η ′ mixing effects deeply.
